Engineering chiral p-wave superconductivity in semiconductor structures offers fascinating ways to obtain and study Majorana modes in a condensed matter context. Here, we theoretically investigate chiral p-wave superconductivity in quantum dots and quantum rings. Using both analytical as well as numerical methods, we calculate the quasiparticle excitation spectra in these structures and the corresponding excitation amplitudes and charge densities. In the topological regime, we can observe the chiral edge modes localized at the boundaries and possessing finite energy in quantum dots and quantum rings. By applying a magnetic field which is expelled from the quantum ring, but which creates a flux that is an odd integer multiple of Φ0/2 = π /e, Majorana modes, that is, (approximately) degenerate edge modes with zero energy and zero charge density, become possible in the topological regime. Furthermore, we investigate finite-size effects that split these degenerate edge modes as well as the effect of a magnetic field penetrating into the superconducting region that can under certain circumstances still support edge modes with approximately zero energy and charge.
I. INTRODUCTION
Originally proposed almost eight decades ago, Majorana fermions are their own antiparticles, unlike, for example, electrons and their positronic counterparts.
1
While in high-energy physics the concept of Majorana fermions remains important, albeit not experimentally demonstrated yet, 2 the search for Majorana fermions in condensed-matter systems has developed into a topic of immense research interest in recent years. [3] [4] [5] [6] [7] [8] The attraction of pursuing Majorana fermions in solid-state systems is twofold: Firstly, setups exhibiting Majorana modes could be more easily tailored in such systems. Secondly, Majorana fermions in a solid-state context are governed by non-Abelian statistics, which makes them potentially useful for topological quantum computation.
9,10
In contrast to high-energy physics, where Majorana fermions are proposed to be fundamental particles, Majorana fermions in a solid-state context are emergent quasiparticle excitations. Since Majorana modes need to be their own antiparticles, superconductors offer a natural choice for systems in which to look for such excitations. The reason for this is that, in the Bardeen-CooperSchrieffer (BCS) theory of superconductivity, quasiparticle excitations are described by superpositions of both electrons and holes. Thus, excitations which are their own antiparticles, that is, excitations which are described by operators that are their own Hermitian conjugate, are possible at zero energy in certain types of superconductors. These superconductors, termed topological superconductors, possess a bulk pairing gap andin their topologically nontrivial regime-gapless edge or surface states which can then under certain circumstances support Majorana fermions as midgap states (see Fig. 1 ).
11-13
In order to realize Majorana fermions in condensed- matter physics, it has long been proposed to utilize the midgap states of spinless chiral p-wave superconductors. [14] [15] [16] [17] [18] [19] [20] While some superconducting materials such as Sr 2 RuO 4 have been argued to possess a superconducting state with p-wave symmetry, 2122 it might be simpler to engineer p-wave superconductivity in more easily accessible systems. These proposals often, although not always, involve combining superconductivity, Zeeman splitting, and strong spin-orbit coupling, [23] [24] [25] [26] which makes the field of spintronics 27,28 also relevant in this context. Typically, p-wave superconductivity is proximity-induced in materials with strong spin-orbit coupling, such as topological insulators 29 or semiconductors with strong Rashba coupling, by bringing them close to an s-wave superconductor. The Zeeman term then controls transitions between the topologically trivial and nontrivial regimes of the induced p-wave superconductor.
Proposals for such systems include the interface between a three-dimensional topological insulator and an s-wave superconductor, where Majorana modes can be bound to an Abrikosov vortex core, 30 or wires, either semiconductor wires with strong Rashba spin-orbit coupling [31] [32] [33] or topological insulator wires, 34, 35 subject to a magnetic field and brought in close proximity to an swave superconductor. Besides, it has been suggested that Majorana modes can appear in systems that are in proximity to an s-wave superconductor, but do not require the presence of spin-orbit coupling. [36] [37] [38] [39] Conversely, d-wave superconductors 40, 41 have been proposed as an alternative source for proximity-induced chiral p-wave pairing in Rashba or topological insulator structures with Zeeman splitting. [42] [43] [44] A setup consisting of two quantum dots with applied noncollinear magnetic fields and connected by an s-wave superconductor has been suggested to support modes localized in the dots that exhibit most properties of Majorana modes, but that are not topologically protected.
45
Potential signatures of Majorana modes in the above systems are usually centered on the fact that Majorana modes can also affect transport and thermodynamic properties of the (induced) topological superconductors. [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] Of all these proposals, the setup based on hybrid superconductor-semiconductor wire structures with Rashba spin-orbit coupling and Zeeman splitting 31, 32 has been the most prevalent until now, with experiments conducted in InSb [62] [63] [64] and InAs 65, 66 semiconductor wires. In these experiments, a zerobias peak in the tunneling conductance has been observed, which potentially points to the presence of Majorana zero-energy modes. [46] [47] [48] [49] However, mechanisms which could also give rise to this zero-bias conductance peak in the absence of Majorana modes, such as Kondo physics, 67 strong disorder, 68-70 smooth end confinement, 71 or boundary effects, 72 have been invoked. Thus, until now the experimental evidence for Majorana modes remains inconclusive, 73, 74 although there are several proposals to supplement the tunneling conductance measurements in wires to verify the presence of Majorana-bound states or rule out some of the alternative sources for the zero-bias peak. [75] [76] [77] [78] Moreover, whereas disorder in chiral p-wave superconductor wires 79 is detrimental to the topological order supporting Majorana modes, disorder can even have a potentially stabilizing effect in the hybrid superconductor-semiconductor wire structures studied experimentally. 80 Likewise, interaction effects in these hybrid structures are predicted to result in a reduction of the induced pairing gap, 81 but to actually expand the parameter range of the topologically nontrivial regime.
82
In contrast to these wire structures, we investigate the quasiparticle excitations, including possible Majorana modes, in quantum dots (QDs) and quantum rings (QRs) with (possibly induced) p-wave superconductivity. While there are several works on the ring geometry for the chiral p-wave superconductor and related models, 17, 59, 60, 83, 84 our focus is on providing an in-depth analysis of the system and of the effects of finite size or magnetic fields penetrating into the superconducting region.
The manuscript is organized as follows: Section II introduces the effective model used to describe the QDs and QRs. The results obtained from this model are then presented in Sec. III, for QDs and QRs without any magnetic field (Sec. III A), QRs which enclose a magnetic flux, but which are not penetrated by a magnetic field (Sec. III B), and finally QRs into which a magnetic field can penetrate (Sec. III C). Section IV is devoted to the discussion of possible experimental realizations of the QDs and QRs as well as potential methods to distinguish Majorana modes from other phenomena. A brief summary in Sec. V concludes the manuscript.
II. MODEL AND METHODS
In this manuscript, we consider QDs of radius R o and QRs of inner radius R i and outer radius R o confined to the xy plane and with chiral p-wave superconductivity (see Fig. 2 ). Apart from certain superconducting materials such as Sr 2 RuO 4 , which has been argued to possess a state with p-wave symmetry, there are several proposals to engineer p-wave superconductivity in more easily accessible materials such as semiconductors with strong Rashba spin-orbit coupling by placing them close to an swave superconductor and exploiting proximity effects.
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Since in the latter setup a magnetic field can also penetrate into the QDs or QRs without being expelled, we allow for the presence of a constant magnetic field B = Be z inside the QDs or QRs.
As a model for the interior of the QD and QR we consider a two-dimensional spinless p-wave superconductor, which can be described by the Bogoliubov-de Gennes (BdG) Hamiltonian
in particle-hole space, where
is the single-particle Hamiltonian and
describes the pairing amplitude of the superconductor. Here, r denotes the position in the xy plane,p the momentum operator in the xy plane, A(r) the magnetic vector potential in the xy plane, m * the electronic effective mass, E F the Fermi energy, V (r) a radially symmetric confinement potential in the xy plane, α = |α|e ıϕα the p-wave pairing parameter, and e = |e| the elementary charge. If a magnetic field is present, the p-wave pairing parameter acquires an additional phase of −n Φ θ, where θ is the polar angular coordinate and n Φ an integer related to the magnetic flux (see below). In the absence of a magnetic field, the sign of E F determines whether the system described by Eq. (1) is in the topologically trivial regime (E F < 0), where no edge modes appear, or in the topologically nontrivial regime (E F > 0), where chiral edge modes can arise.
To model the confinement in the xy plane, we use polar coordinates (r, θ) and infinite hard-wall potentials
and
for QDs and QRs, respectively. Moreover, we consider three different setups for the magnetic field: (i) no magnetic field, (ii) no magnetic field inside a superconductor QR, but with a magnetic flux Φ = πR with the magnetic flux quantum Φ 0 = 2π /e, and (iii) a constant magnetic field B = Be z spread over the entire xy plane and penetrating into the QR. For setups (i) and (ii), n Φ = 2Φ/Φ 0 ∈ Z and we choose the gauge A(r) = (Φ/2πr)e θ , where e θ is the unit vector associated with the angular coordinate θ and Φ the flux enclosed by R i [that is, Φ = 0 in setup (i) and Φ = BR First, we note that for setups (i)-(iii) and a radially symmetric confinement V (r) the commutator Ĥ ,L eff = 0, wherê
is an effective angular momentum operator,L z the angular momentum operator in z direction, and τ z the respective Pauli matrix in particle-hole space. Thus, the eigenstates of the BdG Hamiltonian (1) can be written as
where ϕ α is the phase of α = |α|e ıϕα and m is the angular momentum of the electronic component, which we use as a quantum number to label the eigenstates.
Inserting this ansatz into the BdG equation leads to the radial equation
for f (r) and g(r) inside the QD (r < R o ) or QR (R i < r < R o ). In Eq. (8), n(r) denotes the magnetic flux (per flux quantum) enclosed inside a disk of radius r, that is, n(r) = n Φ /2 for setups (i) and (ii) and n(r) = Br 2 π/Φ 0 for setup (iii). If energies and lengths are measured in terms of the Fermi energy E F and the Fermi wavelength λ F = 2π / 2m * |E F |, the solutions depend only on R o , R i , B, and the effective pairing parameter
where the Fermi wavevector is given by k F = 2π/λ F . In all three setups, the BdG Hamiltonian (1) exhibits particle-hole symmetry, that is, for each mode with energy E there is another mode with energy -E. Consequently, for a given magnetic field or flux Φ the excitation energy denoted by the quantum number m, E m (Φ), satisfies the relation
To solve Eq. (8) and obtain the excitation spectrum and eigenstates, we employ a finite difference scheme. However, as detailed in the Appendix A, we can also obtain the solutions for the setups (i) and (ii) analytically.
III. SPECTRAL AND CHARGE PROPERTIES OF QUANTUM DOTS AND QUANTUM RINGS A. No magnetic flux
First, we investigate the situations of QDs and QRs where no magnetic field is present (see Fig. 2 ), that is, case (i) where n Φ = 0 and n(r) = 0 in Eq. (8) . 
(Color online) (a) Calculated excitation spectrum as well as (b) probability and (c) charge densities, ρ(r) = |f (r)| 2 + |g(r)| 2 and ρc(r) = |f (r)| 2 − |g(r)| 2 , respectively, for selected excitations in a QR with outer radius Ro = 2λF, inner radius Ri = 0.2λF, and pairing parameter p = 2. Here, the states shown in panels (b) and (c) are marked in the energy spectrum, panel (a).
ures 3 and 4 show the excitation spectra as well as the amplitudes and charge densities of selected excitations for a QD and a QR in the topological regime (E F > 0) with the pairing parameter p = 2. The radius of the QD is chosen to be R o = 2λ F , while the inner and outer radii of the QR are chosen as R i = 0.2λ F and R o = 2λ F , respectively.
In Fig. 3 (a), one can see that there is a gap in the excitation spectrum of the QD with the amplitudes of selected excitations (P C , P D ) outside the gap shown in Fig. 3 (b) . As expected in the topological regime, how- possesses similar characteristics, that is, edge modes inside the superconducting gap (P A , P B ), but now with additional charged modes (such as the modes P C and P D in Fig.4 ) localized at the inner edge-at least as long as the spatial extent of the edge modes (essentially controlled by the parameter p for small energies E, see also Sec. III B below as well as the Appendix A) is small enough to prevent significant overlap between states localized at opposite edges. However, in neither case, QD or QR, is there a mode with exactly zero energy (see below). Moreover, the energy spectrum in Fig. 4 (a) illustrates that the slope of the inner edge modes is steeper than the slope of the outer edge modes. This can be qualitatively understood as a consequence of the conservation of the operatorL eff , which in turn requires eigenstates associated with a fixed electronic angular momentum quantum number m to possess a higher group velocity if they are localized at the inner edge (r ≈ R i ) than if they are localized at the outer edge (r ≈ R o ). Figure 5 shows how the energy spectrum of a QR with p = 2 and an outer radius of R o = 10λ F depends on the inner radius R i . For comparison, we also show the energy spectrum of a QD with the same parameters as the QR. As R i increases, there are two features that can be seen in Fig. 5 : Firstly, the absolute value of the slope of the inner edge modes decreases with increasing R i , which can again be explained as originating from the conservation of the operatorL eff and the resulting requirement that the group velocity should decrease as the radius increases. Secondly, the width R o − R i of the QR decreases with increasing R i and eventually the edge modes from the inner and outer edge modes overlap, which leads to the opening up of a hybridization gap as illustrated by the case of R i = 9λ F in Fig. 5 (b) .
Next, we investigate the dependence of the lowest energy of the edge modes on the pairing parameter p, Eq. (9), for QDs as well as for QRs. As illustrated by Fig. 6 , for large values of p the lowest energy of the modes localized at the outer edge can be fitted to E/E F ≈ 8.5 × 10 −3 p for both a QD and a QR. This agrees reasonably well to
as also found in Ref. 4 and which yields E/E F ≈ 8.0 × 10 −3 p for R o = 10λ F . Likewise, the lowest energy of the modes localized at the inner edge of a QR can be fitted to E/E F ≈ 7.0 × 10 −2 p, while Eq. (10) yields E/E F ≈ 8.0 × 10 −2 p for R i = λ F . The deviations from the behavior described by the approximation (10) can be ascribed to the fact that in deriving this approximation curvature terms, that is, the kinetic terms in the diagonal elements of Eq. (8), have been neglected. For small values of p, curvature terms become even more important and the decrease of the lowest energy of the outer edge modes with decreasing p is more pronounced. However, the energy is never exactly zero even for very small values of p. This situation, on the other hand, can change if a magnetic flux is induced in the QR, which will be discussed in the following section. In this and the following section, we study cases (ii) and (iii), that is, the effects of a perpendicular magnetic field on a QR as shown in Fig. 7 . First, we look at situation (ii), where the magnetic field is completely expelled from the QR and just induces a magnetic flux enclosed by R i as shown in Fig. 7 (a) . As mentioned above, flux quantization in this case requires the flux to be Φ = n Φ Φ 0 /2, where n Φ is an integer. If n Φ is even, the results for QRs from the previous section are recovered, but with the magnetic flux shifting states and energies denoted by the electronic angular momentum quantum number m at zero flux to states denoted by
While an even integer multiple of Φ 0 /2 thus essentially reduces the problem to the situation of zero magnetic flux, the situation is different for an odd integer multiple of Φ 0 /2. Without loss of generality we can choose Φ = Φ 0 /2 in that case because every other odd integer multiple of Φ 0 /2 can be mapped to this flux, similar to how an even integer flux can be mapped to the situation of zero flux. Figure 8 displays the situation for a QR in the topological regime (E F > 0) if a magnetic flux of Φ 0 /2 is enclosed inside the QR and no magnetic field penetrates into the superconducting region. Here, we use the radii R i = λ F and R o = 10λ F and the parameter p = 2. Similar to the situation of zero flux, there are modes with energies inside the superconducting gap and localized at the boundaries of the QR (such as P C , P D ). In contrast to the situation of zero flux, however, there are now also two degenerate edge modes (labeled as P A , P B ) at zero energy [see the inset Fig. 8 (d) and also Refs. 4 and 84] which are also chargeless and thus Majorana modes. This degeneracy at zero energy is a consequence of particle-hole symmetry, which for each mode with energy E requires the existence of another mode with energy -E.
It is important to note, however, that if there is a finite overlap between the wave functions localized at the inner and outer radii, these degenerate Majorana modes are split similar to Fig. 5 in Sec. III A. This overlap is affected in two ways, namely by the width R o − R i of the ring and by the spatial extent of the edge states.
The effect of a narrow width R o − R i is illustrated in Fig. 9 , where we use a QR with the pairing parameter 2 + |g(r)| 2 and ρc(r) = |f (r)| 2 − |g(r)| 2 , respectively, for selected excitations in a QR with outer radius Ro = 10λF, inner radius Ri = 9λF, and pairing parameter p = 2 if a magnetic flux of Φ0/2 is enclosed by Ri with no magnetic field penetrating into the QR. Here, the states shown in panels (b) and (c) are marked in the energy spectrum, panel (a). p = 2, the flux Φ = Φ 0 /2, and the inner and outer radii of R i = 9λ F and R o = 10λ F , respectively. Here, the finite overlap between the two particle-hole symmetric modes P A and P B leads to a noticeable splitting between them of E A/B ≈ ±0.05E F . This is due to a large overlap between the edge modes at the inner and the outer boundaries, which also results in a finite charge density of P A and P B , similar to the situation in a wire geometry. In addition to the amplitudes and charge densities of P A and P B , two excitations above the superconducting gap (P C , P D ) are also displayed.
A second parameter that affects the overlap between edge modes near zero energy is their spatial extent, which is essentially controlled by the pairing parameter p, Eq. (9), where edge modes are most localized for values in the vicinity of p = 2, while they become more extended if p is decreased or increased [see Fig. 10 (a) ]. Likewise, Fig. 10 (d) illustrates that close to p = 2, where within the accuracy of our calculation the charge density even vanishes and the excitation energy is zero, the charge density is very small as, for example, in the case of p = 1. In Figs. 10 (c) and (d), on the other hand, the charge density increases by several orders of magnitude for values of p farther away from p = 2.
To corroborate this statement, Fig. 11 shows the excitation spectrum, several amplitudes, and several charge densities of the same QR as in Fig. 8 , but with p = 0.5. While within the numerical accuracy of our calculation the overlap between the two Majorana-bound states P A and P B in Fig. 8 vanishes and we obtain them as degenerate chargeless modes at exactly zero energy, there is a finite overlap between the two corresponding states P A and P B in Fig. 11 , which leads to a small, but finite splitting with E A/B ≈ ±10 −8 E F . Likewise, the charge carried by the particle-hole symmetric modes P A and P B in Fig. 11 and P B in Fig. 11 as being Majorana-bound states only approximately. The difference between these modes and the remaining ordinary chiral edge modes away from zero energy can be revealed by their charge densities: While the charge density of those approximate Majorana-bound states is spread over the entire QR and very small as displayed in Figs. 10 (b)-(d) and 11 (c) , the charge density of chiral edge modes away from zero energy, such as P C and P D in Fig. 8 (c) , is localized at the edges and typically several orders of magnitude larger.
The dependence of the lowest energy of the edge modes on the pairing parameter p is displayed in Fig. 12 for a QR with radii R o = 10λ F and R i = λ F and a magnetic flux of Φ 0 /2. For comparison, the p dependence in the case of zero flux is also included. While in the absence of any magnetic flux the energy increases monotonously as discussed in Fig. 6 in Sec. III A, the situation is different in the presence of a half-integer flux. Here, there is a region where the energy is very small and extremely close to zero, such as the situations depicted in Figs. 8 and 11 . As the value of p is increased or decreased, for example, by changing the p-wave pairing α accordingly, the edge modes become more extended leading to a finite overlap and an increase in the splitting between the two particlehole symmetric modes close to zero energy.
C. Magnetic field penetrating into the superconducting region
In the preceding discussions it has always been assumed that the magnetic field cannot penetrate into the superconducting region. Finally, we now also investigate the situation shown in Fig. 7 (b) , where the perpendicular magnetic field can penetrate into the QR, that is, case (iii). Figure 13 depicts a situation where a constant magnetic field B spread over the entire xy plane and corresponding to a magnetic flux πR with finite energies, but none with zero energy.
Next, we increase the strength of the magnetic field to a value corresponding to the magnetic flux πR 2 o B = 25.1Φ 0 , while keeping the remaining parameters p, R i , and R o the same. For this strength of the magnetic field, an additional phase −n Φ θ with n Φ = 1 is induced in the p-wave pairing amplitude, just like in case (ii) with a half-integer flux enclosed by R i , in which case Majorana modes-or more strictly speaking at least Majorana-like modes very close to zero energy and with tiny charge densities-were possible. Figure 14 illustrates that this is also the case here: The two particle-hole symmetric modes P A and P B display a finite splitting of E A/B ≈ ±6 × 10 −13 E F with extremely small, but finite charge densities, although in this case the charge densities are not spread over the QR, but localized at the edges [see Fig. 14 (c) ].
In this sense, Majorana-like modes (which originate from inducing a phase −θ in the p-wave pairing) persist even if magnetic fields penetrate into the superconducting region. For comparison, edge modes away from zero energy (P C , P D ) are also shown in Fig. 14 . While the amplitude of the outer edge mode P D in Fig. 14 (b) is nearly completely overlapping with the two Majoranalike modes P A and P B , its charge density is fourteen orders of magnitudes larger. Moreover, the energy spectrum outside the superconducting gap in Fig. 14 (a) reflects the increasing importance of orbital effects as the strength of the magnetic field inside the superconducting ring increases.
IV. EXPERIMENTS
First, we briefly discuss possible systems in which the phenomena described above can be observed and which might be more readily available than intrinsic p-wave superconductor materials. Following several proposals, [23] [24] [25] [26] a possible implementation of p-wave superconductivity can be in a semiconductor ring with strong Rashba spin-orbit coupling 27, 28 that is brought into close proximity to an s-wave superconductor ring, which induces superconductivity into the semiconductor and which can be threaded by a magnetic flux n Φ Φ 0 /2. Flux quantization in a superconductor ring requires n Φ to be an integer. Additionally, a Zeeman term is needed to break time-reversal symmetry and drive the induced p-wave superconductor into the topologically nontrivial phase. 88 To engineer this, a ferromagnet is placed in the vicinity of the semiconductor ring. The ferromagnet then induces a Zeeman term E Z into the semiconductor ring via the ferromagnetic proximity effect, while orbital terms induced by the ferromagnet can be omitted. Thus, the semiconductor ring is sandwiched between two rings, one superconducting the other ferromagnetic, which induce superconductivity and ferromagnetism, respectively, in the semiconductor ring.
Then, analogous to Eq. (1), the BdG Hamiltonian for the semiconductor ring (situated in the xy-plane) in particle-hole space is given bŷ
where
and ∆(r) = ∆e −ınΦθ1 (13) are now matrices in spin-1/2 space. As before, r,p, A(r), m * , E F , and V (r) denote the position in the xy plane, the two-dimensional momentum operator, the magnetic vector potential, the electronic effective mass, the Fermi energy, and the confinement, while α SOC is the (Rashba) spin-orbit coupling strength, ∆ the proximity-induced swave pairing amplitude, 89 E Z the proximity-induced Zeeman term,ŝ a vector containing the three Pauli matrices in spin-1/2 space (ŝ x ,ŝ y , andŝ z ) and n the direction of the proximity induced magnetization.
The system described by Eqs. (11)- (13) exhibits the same features as the model of a spinless p-wave superconductor discussed in Secs. II and III, but with the condition |E Z | − E 2 F + |∆| 2 ≶ 0 separating the topological trivial (<) and nontrivial (>) regimes. Thus, the basic conclusions from Secs. II and III are valid also for this system. As an illustration of this, Fig. 15 shows the excitation spectrum calculated from Eqs. (1), (12) , and (13) and corresponding to an InSb 62 (m * = 0.015m 0 , α SOC = 0.2 eVÅ) ring with an inner radius of R i = 1 µm and an outer radius of R o = 5 µm with an induced s-wave pairing amplitude of ∆ = 250 µeV, an induced Zeeman splitting of E Z = 1 meV in z-direction (n = e z ), and a Fermi energy of E F = 250 µeV. Moreover, a magnetic flux of Φ = Φ 0 /2 is enclosed by the rings without a magnetic field penetrating into the semiconductor, that is, we are looking at case (ii) from Secs. II and III with n Φ = 1 and A(r) = (Φ/2πr)e θ = (Φ 0 /4πr)e θ .
For convenience and for the sake of easy comparison to the previous sections, we use the angular momentum m of the electronic spin up component to label the modes. Exactly as in the case of Fig. 11 , there are edge modes localized at the inner and outer radii as expected in the topological regime and two approximate Majoranabound states P A and P B close to zero energy (with a splitting of E A/B ≈ ±3.0 × 10 −7 eV≈ ±1.2 × 10 −3 E F ) and with amplitudes and charge densities similar to those in Fig. 11 , as expected for a magnetic flux of Φ = Φ 0 /2.
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Following the proposal in Ref. 78 for a wire, where the situation is very similar, one possible way to experimentally detect the presence of Majorana modes in a QR could be by charge sensing: As shown in Secs. III B, the two Majorana bound-states are split into two particlehole symmetric modes with very small, but finite energies if their wave functions localized at the inner and outer boundaries of the ring have a finite overlap. Likewise, those excitations possess a small, but finite charge density which is spread over the entire (radial extent of the) ring. This behavior is different from the other Andreev-bound states/chiral edge modes away from zero energy whose charge distribution is localized at a given edge. The charge distribution of a given mode at different points in the QR can then be probed by single-electron transistors acting as charge detectors.
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Most proposals to detect Majorana modes in a condensed matter context usually involve conductance orin the case of rings-interference measurements. 59, 60, 62, 86 The signature of Majorana modes in these measurements is typically a zero-bias conductance peak or conductance peaks close to zero. However, these zero-bias conductance peaks can also originate from phenomena other than Majorana modes (such as the Kondo effect 67 ), which in turn makes it difficult to identify Majorana modes conclusively. Combining these conductance measurements with charge measurements as mentioned above could, on the other hand, then be used to identify the (approximate) Majorana modes.
78 This is because the charge distribution of split Majorana modes is spread over the entire ring, whereas phenomena such as the Kondo effect are restricted to the boundaries and possible changes in the charge density could only be detected there.
V. CONCLUSIONS
We have theoretically studied chiral p-wave superconductivity in QDs and QRs and calculated the quasiparticle excitation spectra in these structures as well as the corresponding excitation amplitudes and charge densities. In the topological regime, we can observe the chiral edge modes localized at the boundaries and possessing finite energy in QDs and QRs, whereas no edge modes appear in the topologically trivial regime. However, none of the edge modes in the topological regime possess zero energy, that is, none of them is a Majorana mode. Only by applying a magnetic field which is expelled from the QR, but which creates a flux that is an odd integer multiple of Φ 0 /2 = π /e, Majorana modes, that is, degenerate edge modes with zero energy and zero charge density, become possible in a QR in the topological regime, whereas none can be found in a QDs. Finite-size effects result in a splitting of these degenerate edge modes, leading to approximate Majorana modes in the sense that they have only approximately zero energy and zero charge density and are only approximately degenerate. This small, but finite charge distribution is then spread over the entire QR which allows for charge sensing measurements-in conjunction with other measurements at the edges-to probe the presence of Majorana modes. In the case of a magnetic field penetrating into the superconducting region, edge modes with approximately zero energy and charge can still be supported, although in this case the charge distribution is not necessarily spread over the entire QR.
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where m + n Φ /2 is either an integer or a half-integer. We note that in the presence of a magnetic flux which is an integer multiple of Φ 0 , that is, in the case of n Φ being an even integer, the energies E and functions f (r) and g(r) for a fixed electronic angular momentum quantum number m in Eq. (A1) are determined by the same equation as the energies and functions for zero magnetic flux, but with an angular momentum quantum number m + n Φ /2. Thus, if n Φ is an even integer, the energies and states with the angular momentum quantum number m are the same as the energies and states with the angular momentum quantum number m + n Φ /2 at zero flux, that is, E m (Φ) = E m+nΦ/2 (0). After those remarks on the special case in which n Φ is an even integer we now turn our attention to solving Eq. (A1) for any integer n Φ . As mentioned in Sec. II, the excitation energies E m (Φ) satisfy the relation E m (Φ) = −E −(m+1+nΦ) (Φ) due to particle-hole symmetry.
A solution to Eq. (A1) can be obtained analytically because the diagonal components of the matrix correspond to Bessel's equation, while the off-diagonal elements correspond to raising and lowering operators for Bessel functions. 91 A general solution to Eq. (A1) at energy E thus reads f (r) g(r)
= aη + (r) + bη − (r) + cχ + (r) + dχ − (r) (A2) with the four fundamental solutions
where J l (x) and Y l (x) are the Bessel and Neumann functions, l = m + n Φ /2 an integer or half-integer,
and, if α = 0,
We note that the components u ± and v ± as well as κ ± (if measured in units of k F ) depend only on the effective pairing parameter p given by Eq. (9) and the ratio E/E F . Thus, in the topological regime the spatial extent (with respect to λ F ) of the edge modes at low energies is primarily determined by the parameter p. Finally, the energy E and the complex coefficients a, b, c, and d have to be determined from the boundary conditions for QDs and QRs.
(i) Quantum dots.
In the case of QDs, the boundary conditions require that f (r) and g(r) do not diverge at r = 0 and that f (R o ) = g(R o ) = 0. The condition at r = 0 can only be satisfied if c = d = 0 in Eq. (A2), while the condition at r = R o yields a system of two linear equations for the coefficients a and b. This system has a nontrivial solution if
which in turn represents a transcendental equation to obtain the excitation energies E for QDs.
(ii) Quantum rings.
For QRs, the boundary conditions f (R o ) = g(R o ) = f (R i ) = g(R i ) = 0 have to be satisfied. Inserting these conditions into Eq. (A2) yields a linear system of four equations for the coefficients a, b, c, and d, which possesses a nontrivial solution if
